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General Instructions
* Reading time — 10 minutes
*  Working time — 3 hours
»  Write using black or blue pen
» Calculators approved by NESA may be used
» A reference sheet is provided
» In Section II, show relevant mathematical reasoning and/ or calculations

Total Marks

100 Section | — 10 marks
* Attempt Questions 1-10
* Allow about 15 minutes for this section
 Answer questions on the Multiple-choice answer sheet

Section Il — 90 marks
* Attempt Questions 11-16
* Allow about 2 hours 45 minutes for this section
» Answer questions on the answer sheet provided for each question
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Section |

10 marks
Attempt Questions 1-10
Allow about 15 minutes for this section

Shade the best response on the multiple-choice answer sheet.

_ /s
1. Flndf sin® x dx
T/,

A 0
B) 2
© =
© =
2. Express —2+v/3 + 2i in modulus/argument form.
3 oos () 5 ()
® 3 (cos() +5in(F))
< 4 (cos (S?n) + sin (5?7{))
(D) 3 (cos (%T) + sin (%))
3. Which of the following points lies on the line described by the vector equation:

~(3)()

-3
™ (o)
1
-3
o (3
-3
3
© (1)
-2
3
o ()
2



If the vectors u =241+ 1) —2k and v =211—2)+ 4k are perpendicular, then
(A A=-2o0rA1=4

B) A=-4o0rAr=2

C) A=—-4o0rar=-2

(D) A=2o0r2r1=4

Consider the statement:
For any function f(x), f(x) has a stationary point of inflectionatx = c = f"(c) = 0.
Which of the following is correct?
(A)  The contrapositive statement is false and the converse statement is false.
(B)  The contrapositive statement is false and the converse statement is true.
(C)  The contrapositive statement is true and the converse statement is false.

(D)  The contrapositive statement is true and the converse statement is true.

P,Q and R are collinear points with position vectors p,q and r. P is between Q and R.
If |QR| = 3|PR], then r has the position vector:

1 3
A T=3p—39
3 1
B) r=3p-39
3 1
© r=3p+39

1 3
(D) r=-sp+3g

Giventhat |z + 3| =2 and arg(z + 3) = 5?" , which of the following is an expression for z + 3 ?

@ L4l
B L+l
(C) V3+i
(D) —V3+i



3dx

?
x2+42x+2

Which of the following is an expression for J.

(A) %tan_l(x +1)+c
(B) 3tan'(x+1)+c
© %tan_l(x -1D+c

(D) 3tan'(x—1+c

What is the remainder when P(z) = 13z* — 7z + 3 is divided by z — i?

(A) 10 +7i
(B) 16+7i
(C) 10-7i
(D) 16—7i

Given that x and y are real numbers, which of the following is a TRUE statement?

(A) Vydx:x?-—y?=x
(B) Vydx:ix?-—y?=y
C Vydx:x?+y?=x
€ vy y

(D) Vydxix?+y?=y



Section Il

90 marks
Attempt Questions 11-16
Allow about 2 hours 45 minutes for this section

Answer in the appropriate booklet provided

Question 11. (15 marks) MARKS
Answer in the booklet labelled Question 11

@) IfA = 3—4iand B = 1+ i, evaluate the following:

(i) A-B 1
(ii) = 2
(iii) VA 3

b) On the Argand diagram shown OABC is a rectangle with the length 0A being twice OC.

B ALy
A
Cx,y)
< > X
oy

Find the complex number represented by

(i) 0A 1

(ii) OB 1

(iii) BC 1
() GiventhatC =1++/31,

(i) Write C in modulus-argument form. 2

(ii) Hence find C® 2
(d) On an Argand diagram sketch the region where

lz—1] <v2and 0 <arg (z+1i) < 7 both hold. 2

6



Question 12 (15 Marks) MARKS
Answer in the booklet labelled Question 12

(a) Findfxcos(xz) esin(x®) gy 2
1
(b) Findf sin"lx dx by using integration by parts. 3
0
©  Find j 23 3
x+1
(d) (i) Find the real numbers A and B such that: 2

3x+2_ A B
x2—4 x+2 x-2

5
.. 3x+2 63
(if) Hence show that]3 s dx =1In (?) 2

(e)  Find f (1 +2x%)e*” dx 3



Question 13 (15 Marks) Marks
Answer in the booklet labelled Question 13

(@ (i) Giventhat z = e, show that z¥ + z7% = 2 cos(k8) 1
(i) By expanding (z + z~1)* or otherwise, show that cos* 8 = %cos 46 + %cos 20 + % 3
(b) Prove by mathematical induction that for all integers n > 1, 12" > 7™ 4 5™, 3

(© Find the Cartesian equation of the sphere with centre ¢ = —t + 2j — k which passes through
the pointg = 21+ + k 3

(d) Leta,b,n € N.
(i) Provethatifn = ab,thena <+vnorb < +/n. 3

(if) Hence, show that 97 is a prime number. 2



Question 14 (15 Marks)
Answer in the booklet labelled Question 14

(@)

(b)

(©)

MARKS

Goldbach’s conjecture is that every even integer greater than two can be expressed as the sum
of two primes. To date, no one has been able to prove this, although it has been verified for all

integers less than 4 x 1018,

(i) Prove that 101 cannot be written as the sum of two prime numbers.

(if) Assuming that Goldbach’s conjecture is true, prove that every odd integer greater

than 5 can be written as the sum of three prime numbers.

"/,

dae
1+sin6+cos 6

Evaluate ]
0

(i) Showthatif I, = ftan”xdx

/4
(ii) Hence evaluatef tan3 x dx
0

,thenI,, = ﬁtan”_1 x—1I,_,



Question 15 (15 Marks)
Answer in the booklet labelled Question 15

(@) Given the vectors y and v satisfy u+v=171—)+2k and y —v =1+ 9) — 4k, find

the acute angle between the vectors ¢ and v.

(b) D isthe midpoint of the side BC of a triangle ABC. Using vectors, show that:

[4B|" + |ac|” = 2(|4D|" + 8D]")

11 -2
(© With respect to a fixed origin O, the lines L, and L, have equations r; = ( 2 ) + /1( 1 )
17 —4

and r, = (11) +u <2> where A and p are scalar parameters and p and g are constants.
D 2

i) If Ly and L, intersect at right angles, show that ¢ = —3
i) Find the value of p.

1ii) Find the coordinates of the point of intersection.

. 3dx
(d) Find f x2—6x+13

10



Question 16 (15 Marks) MARKS

(@)

(b)

(©)

Answer in the booklet labelled Question 16

Find the fourth roots of 2 + 2v/3i 4

Relative to the origin 0, the points A, B, C and D have position vectors given respectively by
—41+3)+ 3k, 41+ ¢+ 6k 4—)—k and 2) — 6k

1) Given that the line AC is perpendicular to the line BD, determine the value of c. 2

i) Hence find the position vector of E, the point of intersection of the lines AC and BD. 3

1

i) By considering the graph of y = —=.or otherwise, show that for all positive

\/} ]
H 1 2 2
mtegerskZl,W =<F" 7= 9
if) Hence use mathematical induction to show that for all positive integers n > 2,
1 1 1 1 2
vttt RT3 T 4

End of Exam

11



Year 12 Extension 2 Trial 2023 — Solutions

Section |
1 2 3 4 5 6 7 8 9 10
A C C A C B D B D A
Question 1 — A is correct.
. . . /2
Since y = sin® x is an odd function then f sinxdx =0
s
="/2

Question 2 — C is correct.

Lazz—mﬁ+2LﬂmuA=JQaJ$2+ﬁ
=4

Also arg(z) =tan™! (— zzﬁ)

51 ..
=—aszisin the second quadrant.

Question 3 — C is correct.

1-1x-2 3
fl=-1r=|2-1x3 |=[-1
—1-1x1 -2

Question 4 — A is correct.

UV =AXA+AX-2+-2X%X4
=12-21-8
=0=> A=-2o0r1=4

Question 5 — C is correct.
Contrapositive: f''(c) # 0 = f(x) does not have a stationary point of inflectionatx = c. TRUE

Converse: f"(c) =0 = f(x) has a stationary point of inflection at x = c . FALSE



Question 6 — B is correct.
Now |[QR| =3|PR|=—q+ r and |[PR|=-p+ T
Hence —q + r = -3p + 31

3 1
“2r=3p—q = r1=3p—39

Question 7 — D is correct.

z+3 =2 (cos (S?H) + isin (5?”))

2V3 . 2.
— t=l
2 2

= —V3+i

Question 8 — B is correct.

3dx _ 3dx
X2 +2x+2 T ] (x+1)2+1

=3tan (x+1)+¢

Question 9 — D is correct.

P() =13()*-7i+3
=13-7i+3
=16 —-7i

The remainder is 16 — 7i

Question 10 — A is correct.

Vy, x? — y? = x is an equation with real solutions given by y = +vVx2 — x
1

.. 1 . . . 1
B is incorrect. y = — > provides a counter example since there is no real x such that x? = 173

C is incorrect. y = 1 provides a counter example since x? + 1 = x which has no real solutions, as A= —3.
D is incorrect. y = 2 provides a counter example since there is no real x such that x? + 4 = 2



Section 11
Question 11.
@ (i) A-B=0B—-4i)—-(1+i)=2-5i

Marking criteria Marks
Correct answer 1
.. A 3—-4i 1-i 3-7i—4 -1-7i
(@) (i1 BT oI N 1hT 1 2
Marking criteria Marks
Correct answer 2
Multiplying by the conjugate or equivalent merit 1
(@ (i) Let(x+iy)*> =3 —4i.Then x? —y? + 2ixy = 3 — 4i.
Hence x2 —y2 =3 and 2xy = —4 = xy = =2 :y:—z
Hencexz—%—3=0 >x*—3x2—-4=0=>x>=40r—-1.
SincexeR,x=2,y=—-1orx=-2,y=1
Hence VA = +2 F i
Marking criteria Marks
Correct answer 3
Solving simultaneous equations in one variable or equivalent merit. 2
Setting up simultaneous equations or equivalent merit. 1
(b) (1) 0A = 2(—y + ix)
Marking criteria Marks
Correct answer 1
(o) (i) OB=0A+4+AB=-2y+2ix+x+iy=x-2y)+i(2x+y)
Marking criteria Marks
Correct answer 1
(b) (ili) BC =—0A =2y — 2xi
Marking criteria Marks
Correct answer 1




c () ¢ =1++3i

-2+ )

-2 (eos(2) 15 (2)

Marking criteria Marks
Correct answer 2
Finding modulus or argument or equivalent merit. 1
. 6 __ 6 61T .. 61T
(c) (i) ct =2 (cos (?) + isin (?))
= 64(cos(2m) + isin(2m))
= 64
Marking criteria Marks
Correct answer 2
Using De Moivre’s Theorem or equivalent merit. 1
(d)
ALy
1
Marking criteria Marks
Correct graphs and shading 2
One correct graph for circle or argument or equivalent merit. 1




Question 12

(a) Nowj—x(esm(xz)) = 2x cos(x2)esin(x?)

f x cos(x?) esn(P)dx = %eSin(xz) +C

Marking criteria Marks
Correct answer 2
Using ff’(x)ef(x)dx = /™ 4 ( or equivalent merit. 1
1 1
(b) f sin"lx dx = f 1xsin"tx dx
0 0
1 v
— sa—1 _
=| xsin" x f N dx
i 0 0
[ 1
=|xsin"'x + V1-—x2
i 0
= 1
2
Marking criteria Marks
Correct answer 3
[ 1
Obtaining [xsin"x + +V1-— le or equivalent merit. 2
0
[ 1 L
- 1 B . .
Obtaining | xsin™'x ) fo — dx or equivalent merit. 1
2 _ —
© J 27 +ax=3 4 j @+DEAD-S
x+1 x+1
=f(2x+2—i)dx
x+1
=x?>4+2x—-5In(x+1)+C
Marking criteria Marks
Correct answer 3
Obtaining 2x + 2 — xsj or equivalent merit. 2
Attempt to divide 2x2 + 4x — 3 by x + 1 or equivalent merit. 1




3x+2Ei+%.ThenA(x—2)+B(x+2)=3x+2

x2—4  x+2

@ () Let

Nowifx=2,4B=8 =B =2
Alsoifx=-2,—44A=-4 =A4=1

Marking criteria Marks
Finding correct values of A and B 2
Obtaining A(x — 2) + B(x + 2) = 3x + 2 or equivalent merit. 1

5 5
.. 3x+2 1 2
(d L PaX = L (o + )

5
=|ln(x+2) + 2In(x—2)
3
=In7+2In3—-In5-2In1
7%32 63
=In (%) =1 (%)
Marking criteria Marks
Correct answer 2
5
Obtaining A|[In(x +2) + 2In(x— 2)] or equivalent merit. 1
3
(e)  Consider j 2x%e*” dx = Jx x 2xe*” dx
=xexz+c—Je"2 dx
f(l +2x2)e* dx  =xe* +¢
Marking criteria Marks
Correct solution 3
Correctly performs the integration by parts or equivalent merit. 2
Correct separation for integration by parts or equivalent merit. 1




Question 13

@ () z¥ +z7% = (cos(kO) + isin(k8)) + (cos(—kO) + i sin(—k6))
= (cos(k®) + isin(k6)) + (cos(k@) — i sin(kb))
= 2 cos(kO)

Marking criteria Marks
Correct solution 1
(@ i) Now (z+z D)% =2z*+44z3271+6z2272+4zz 3 +z*
Hence (2cos@)* =(z*+z*)+4(z>+z72)+6
Hence 16 cos*d = 2cos48 +8cos20 + 6
. cos*@ =2cos40 +2cos26 +>
8 2 8
Marking criteria Marks
Correct answer 3
Use of part (i) to simplify the expanded quartic or equivalent merit 2
Expands the quartic or equivalent merit 1
(b) n=2:LHS =122 =144, RHS =7*+ 5% =74
Hence it is true for n = 2.
Suppose that there is a k such that 12% > 7% 4 5k,
Then 12K+1 = 12(12%)
> 12(7% + 5%) = 12(7%) + 12(5%)
> 7(7%) + 5(5%) since k € Z*
— 7k+1 + 5k+1
Hence by the principle of mathematical induction 12™ > 7" 4+ 5™ for n > 1.
Marking criteria Marks
Correct proof 3
Shows some relevant working toward proving the case for n = k + 1 or equivalent merit 2
Establishes the result for n = 2 or equivalent merit 1




(0 CA =CO0+04

(-
()

|CA| =32+ (-1)2+22

=14
Hence the equationis (x + 1)+ (y —2)* + (z + 1)* = 14

Marking criteria Marks
Correct answer 3
Finds the radius of the sphere or equivalent merit 2
Finds CA or equivalent merit 1
(d i) Suppose that if n = ab, thena > +n and b > Vn
Thenab >VnxVn=n
This is a contradiction and so if n = ab, hence a < vn or b < V/n.
Marking criteria Marks
Correct proof 3
Establishing a contradiction or equivalent merit 2
1

Correct supposition or equivalent merit

d) i) If 97 = ab where a, b € Z and neither are 1 or 97, then a < /97 = 9.8 and since 97 is not
divisible by 2, 3,5 or 7 (it is not even, the sum of the digits is not divisible by 3, it doesn’t

endin5or0and 7 x 13 = 91), then 97 is not divisible by any integer less than v/97.

Hence, 97 is a prime number.

Marking criteria

Marks

Correct proof

Establishing that 97 is not divisible by 2, 3,5 or 7 or equivalent merit




Question 14

@ M Since the sum of two odd numbers is an even number, the only way that 101 can be written
as the sum of two prime numbers is if one of them is even.

Since 2 is the only even prime number and 99 = 3 x 33 is not prime, then 101 can not be
written as the sum of two prime numbers.

Marking criteria Marks
Correct proof 2
Correctly determining that one of the primes must be 2 or equivalent merit. 1

@) (ii) If n = 2k + 1 is an odd number greater than 5 then n — 3 is an even number greater than 2.
Nown=n—-3+4+3=2k+1-3+4+3=2(k—1)+3.

By Goldbach’s conjecture, 2(k — 1) can be expressed as the sum of two primes, and since 3
is prime then n can be expressed as the sum of three primes.

Marking criteria Marks
Correct proof 3
Making use of Goldbach’s conjecture or equivalent merit 2
Correctly determining that n is the sum of an even number plus 3 or equivalent merit. 1

— 4 a _1 .28 _1 2 (0 _1 )
(b) Let t = tan (2) then 5~ ;Sec (2) =3 (1 + tan (2)) =3 (1+1t%)
de 2 2dt
w1 do = 1+¢2
Also when 8 =§, t=1andatd =0,t =0
1
/2 ae —Zat ! 2dt bt
Hence f 1+sin@+cos 6 = 12+tt 1-t2 = f 1+t242t+1-t2 = m
0 0 Hete 0 0
1
=[ In|1 + ¢] ] =In2
0
Marking criteria Marks
Correct answer 4

Correct integrand in terms of t or equivalent merit

Correct use of the t formulae or equivalent merit

N W

Incomplete use of the t formulae or equivalent merit




(©) (i) I, = .[ tan™ x dx
= f tan? x X tan™ % x dx
= f(sec2 x —1)tan™? x dx

= fseczxtann_zxdx —ftan”_zxdx

_ 1 n-1
= Etan X — In—2

Marking criteria Marks
Correct proof 3
Correctly expansion or equivalent merit 2
Obtaining tan? x x tan™2 x or equivalent merit 1
y /4 1 7T/Al- /4
(c) (i) f tan3 x dx = [5 tan? x] — f tan x dx
0 0 0
s
IS - /4
=3 njcos x
0
1 1
=3 +n(%)
Marking criteria Marks
Correct answer 3
Correct integral of tan x or equivalent merit 2
Correct use of recurrence relation or equivalent merit 1




Question 15

@ u+tvy =171—)+2k ®
u—v  =1+9 -4k @
O+ @ 2u =18.+8) -2k
O - @ 2v =161—10] + 6k

9 8
u=| 4| and v=|-5
-1 3
0 _uv _ 72—20-3
cos T lullyl 0 V9Z+42+12xV82+52+32
~1
T2
Hence the acute angle between the vectors is g
Marking criteria Marks
Correct answer 3
Uses the geometric formula for the dot product or equivalent merit 2
Finds u and v or equivalent merit 1

(b) Let O be the origin and 4, B, C have position vectors g, b, ¢ respectively.
Thenﬁ=lg—g and Té=g—g
Henceﬁ=%(g—lg) = ﬁ=ﬁ+ﬁ=b+%(g—b)=%(b+g)

Henceﬁ=%(b+g)—g

2(|aD|" + |BD[") ~2((Ge+o-0) Gero-o)+(e-n) (e-b)

=2(lb +b-c+-c-c—a-b—a-c+a-a+-c-c—~b-c+-b-b
4~ 2~ ~ 4~ ~ 0~ 0~~~ v~ 4~ Y 2% Y 4~
=2(5b-b+3c-c—a-b—a-c+a-g
2 2
=b-b+c-¢c—2a-b—2g-¢c+2a
=b-b—-2a-b+a-atc-c—2a-c+a-a
=b-a)-b-a)+(c-a)(c—-9a)
2
= |AB|" + |AC|
Marking criteria Marks

Correct solution 4
Makes significant progress towards proving the relationship 3
Determines D, 4D and attemptsto use |v|2 =v - v 2
Correctly determines at least one of AB,AC. 1




-2 q
(c) 1) Since L, and L, are perpendicular then ( 1 ) . <2> =0

Hence —2q+2—-8=0 = g=-3

Marking criteria Marks

Correct proof 1

11-2=-5-3u @O
(c) i) As L, and L, intersect, then the system of equations{ 2+ 21 =11+ 2u  (2) is consistent.
17 —4A=p+2u ©)

D+2x@ = 15=17+puy = p=-2
From(2) 2+1=11-4 = A=5andfrom(3@) 17-20=p—-4 = p=1

Marking criteria Marks
Correct answer 3
Finds the value of A or u or equivalent merit. 2
Write a system of equations or equivalent merit. 1
x=11-2A1
(©) (i) At the point of intersection] y =2+ 1
z=17 — 421

Hence the lines intersect at (1,7, —3).

Marking criteria Marks
Correct answer 2
Find one of the coordinates of the point of intersection or equivalent merit. 1

d 3dx _ 3dx
( ) x2—-6x+13 - x2—6x+9+4

dx
=3 j (x—3)2+4

=2 tan™1 (x—_?’) +C
2 2

Marking criteria Marks

Correct answer 2

Obtaining ij = BJd—x or equivalent merit. 1

2_6x+13 (x—3)2+4




Question 16

@ [|2+2V3i|= \/(2)2 +(2v3)" =
arg(2 + 2v3i) = tan™? (%5) = g
Let (r(cos 6 + isin 9))4 =4 (cosg + isin g)

Then r*=4 = r=+2

(6k+)mr _  1im 5t m 7T
12 12’ 12’12’12

49=2kn+§ for k=-2,-1,0,1 = 0=

The rootsare\/—c1s(——) V2 1s(——) \/—CIS( )\/—c1s( )

Marking criteria Marks
Correct solution 4
Finds r or 6 or equivalent merit. 3
Finds the modulus and argument of 2 + 2+/3 or equivalent merit. 2
Finds the modulus or argument of 2 + 2v/3 or equivalent merit. 1
(b) () AC=8.—4)—4k and BD = —41+ (2 —c)) — 12k
If AC L BD then (81— 4] — 4k) - (-4 + (2 - c)j — 12k) =0
ie,—32-4Q2—-¢c)+48=0 = c=-2
Marking criteria Marks
Correct solution 2
Calculates AC or BD or equivalent merit 1

(b) i) The line through A and C is 74 =—41+3]+3k+ /1(85 —4 - 4]5)
= (81— M1+ (3 —40)) + (3 — 4Dk
The line through Band D is 7, = —1—2j + 6k + pu(—41 + 4] — 12k)

=@ -4+ (4p—2)) + (6 — 12wk

Since the j and k components of . are always equal, the point of intersection requires

1
(4u—2)=(6-12p) > p==:.
This gives the point 2t + 07 + 0k on 7pp

This point also lies on - with 4 = z.

Marking criteria Marks
Correct solution 3
Finds both vector equations and makes some progress towards E or equivalent merit 2
Correctly finds at least one of the two lines in parametric form or equivalent merit 1




© i)

k+1
1 1
Hence Wm < J’; mdx
k+1
=~
k
-2 __2
T Vk vk
k k+1
. 1
Area of shaded rectangle is o=t
Marking criteria Marks
Correctly obtains inequality 2
Correct inequality or equivalent merit. 1
.. 1 1 1 2
(©) i) Let S,, be the statement that — \/_ tost \/_+--~+m<3—\/—ﬁ.
Atn =2, LHS _F-l_ﬁ"
= 1.353553391 ...
2
RHS =3 — 5
= 1.585786438 ...
Hence S, is true.
1 1 1 2
Suppose that there is a k such that Sy is true. i.e., \/_ tostsast  tim< 3 ~
1
Thenforn—k+1,LHS F-I_?-I_?-i_ +F+(k+1)\/m
1
<3- \/_ (e+1)VET1
2 .
<3—\/—_+(\/_ m) from part (i)
2
=3- VEk+1
= RHS

Hence if Sj is true then S, is true and since S, is true then by the principle of mathematical
induction, S, istrue vn > 3,n € Z.

Marking criteria Marks
Correct proof. 4
Makes use of part (i) or equivalent merit. 3
Makes some progress towards an inductive style argument or equivalent merit. 2
Establishes the truth of S, or equivalent merit. 1




